International Journal of Advanced Research Vol. 6. 1 Oct.-D ISSN : 2394-2975 (Online)
in Education & Technology (IJARET) ol. 6, Issue 4 (Oct. - Dec. 2019) ISSN : 2394-6814 (Print)

Fixed Points of n-periodic and uniformly p-lipschtizian

mappings in Hilbert Spaces

'Hezekiah Seun Adewinbi, "Edward Prempehy
'African Institute for Mathematical Sciences (AIMS), Ghana
"'Dept. of Mathematics, Kessben University College, Ghana

Abstract

Many fixed point theorems in metric spaces satisfying contraction-like conditions can be ex- tended to Banach spaces and Locally
convex spaces. The main purpose of this paper is to study the Lipschitz constants of n-periodic mappings in Hilbert spaces that
guarantee the existence of fixed points and retractions on the fixed point set. In addition, we give new estimates for the n-periodic
and uniformly p-lipschitzian mappings in Hilbert spaces that guarantee the existence of fixed points.
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1 Introduction

Let C be a nonempty closed convex subset of a Banach space X.

Definition 1.1. (Fixed point) The fixed point set of T': C'— C'is denoted by
FixT={peC:Tp=rp}.

Definition 1.2. (k-lipschitzian mapping) A mapping 7' : C' — C'is called k-lipschitzian if for
all x,y € C, ||[Tx — Ty|| < k||lx — y||. We write T' € a(k) and if k (Lipschitz constant) is the
smallest number such that 7" € «(k), then we write T € ag(k).

Definition 1.3. (Periodic map) A mapping 7' : C' — C' is said to be periodic if there exists
an integer n > 2 such that T™ = I, where [ is an identity map. If n = 2, then T is called
involution.

Definition 1.4. (uniformly p-lipschitzian mapping) A mapping 7" : C — C' is said to be
uniformly p-lipschitzian if there is p > 0 such that for « € N and x,y € C,

[Tz — Ty|| < pllz — y]|.

We say T € U(p). If p = min{ly : ||[T°x — T%|| < li||z — y||,7 € N,z,y € C}, then we write
T € Uy(p). However, there are cases such that T' is n-periodic, T € og(k) and T € Uy(p) with
p < k"L,

Definition 1.5. ((n,a)-rotative k-lipschitzian mapping) Denote ®(n,a,k,C) = ®(n,a,C) N
a(k). A mapping T' € ®(n,a, k,C) is said to be (n,a)-rotative k-lipschitzian on C.

Remark 1.6. For fixed n € N define
Yo(a) = inf{k > 1|T": C' — C such that T € ®(n,a, k,C) and Fix T = 0},

where Fix T" denotes the set of all fixed points of 7. The definition of 7, (a) implies that for
an arbitrary set C, if T' € ®(n,a, k,C) and k < 7,(a), then T has at least one fixed point. In
general, 7, (a) are unknown.

In 1970, Goebel [1] showed that involutions have a fixed point if they are k-lipschitzian for
k < 2 in a Banach space and for k < /5 in Hilbert space, where k is the Lipschitz constant.
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In 1986, Koter [2] proved that 3t > /72 — 3 ~ 2.6209 for Hilbert space H.

In 2000, Koter-Morgowska [3] gave the following estimations 13t > 1.3666, vt > 1.1962, vt >
1.0849 and ~J* > 1.0228 for n-periodic and k-lipschitzian mappings in Hilbert space. It was
also proved that for uniformly k-lipschitzian for k > 1, ¥t > 1.5447, 4t > 1.2418, 42 > 1.1429
and A2t > 1.0277.

2 Preliminaries

In this section we recall some basic notions in functional analysis and provide brief introduction
to Hilbert spaces.

Lemma 2.1. ([4]) Let X be a complete metric space and T : X — X a continuous mapping,.
Suppose there are u: X — X,0 < A <1 and B > 0 such that for every x € X :

(i) d(Tu(x),u(x)) < Ad(Tz,x),
(i) d(u(z),x) < Bd(Tz,x).

Then Fix T # (). If we define R(z) = lim u"(x) and v is a continuous mapping, then R is a

n—oo

retraction from X to Fix 7. Suppose T € «a(k):
(a) If K < 1, then T" has a unique fixed point.
(b) If £ =1, then R is a nonexpansive mapping.

(¢) If k > 1 and D = diam(X) = sup{||lu—v]|| : u,v € X} < oo, then R is a Holder continuous
retraction from X to Fix 7.

Lemma 2.2. ([5]) Let T': C' — C be k-lipschitzian mapping. Let A, B € R with 0 < A < 1
and B > 0. If for arbitrary x € C' there exists z € C such that

1Tz — 2| < Al|Tx - a|

and
||z —z|] < Bl[Tz — ||,
then T" has a fixed point in C.

Lemma 2.3. Let H be a real Hilbert space. If w,v € H and « € [0, 1], then
(1 = a)w + av[]* = (1 — a)|[wl|* + a|v]]* = a(l = a)||[w - v]]*. (1)
Proof. Since w,v € ‘H and « € [0, 1], then

(1 —a)w+av|* = ((1-a)w+ av, (1 —a)w+ av)

(1—-a)w, (1 —a)w)+{(1-a)w,av)+ (av, (1 —a)w) + (av, av)
= (1—a)|lwl]’ +al - a)(w,v) +a(l - a){v,w) + |||

(1 —a)?|w|]* + a(l — a)(w,v) + a(l — a)(w,v) + ?||v]]?

(1

— a)*|[w]|* + 2a(1 — a)(w, v) + o*[Jv]*. (2)

and
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a(l —a)|lw—o[ = al —a)w—v,w—0v)
= ol = a)[(w,w) = (w,v) = {v,w) + (v, )]
= a(l- Oé)U|w||2 = 2(w,v) + [|v|’]
= ol —a)[lw|* = 2a(1 — a)(w,v) + a(l — a)||v] (3)

It immediately follows from Equation (2) and (3) that
11 = a)w + av]]* = (L = a)||w]]* + of[o]]* — a(1 = a)[jw - v|f*,
as desired. ]

Lemma 2.4. (Generalization of parallelogram law) Let H be a Hilbert space, n € N and
b € [0,1] for i =1,2,...,n, such that > b =1. If z; € H for i = 1,2,...,n, then

1Y bl =D billwl = Y bibylla — (4)
i=1 i=1 1<i<j<n

Proof. (Induction) Denote Equation (4) by R(n). Consider R(2) and using Equation (1), we
obtain

[b121 + boxa || = byllza|® + bol|wal|? — biba|lzy — z2|
2
= ZbiH%‘HZ - Z bibsl|z; — ;|2
i=1 1<6i<j<2

Hence R(2) is true. Suppose R(k) is true for some k < n € N, then

k k
1Y bl =D billwl = Y bibyllzi — .
=1 =1

1<i<j<k

Considering R(k + 1) we obtain

k1 k
||sz$@||2 = | Zbil’i + b1 Tps1 |2
i—1 —1

K K
= D) biwll® + beallwr | = braa | biwi =z

i=1 i=1
= szwz\l + b | || —bk+1HZb i — ) |

k

k
= Y billmllP = D bibjll — 2l + beallwre | = brer > billws — zi |
=1

1<i<j<k i=1

k k
= > bl + beallzeal® = >0 bibslle — all? = bibkiallz — 2]

i=1 1<i<j<k i=1
k+1

= Sobllnd - YD byl — P
i=1 1<i<j<k+1
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Thus R(n) is true for all n € N. O

Lemma 2.5. ([4]) Let n € N and 7" : X — X be n-periodic and k-lipschitzian mapping, where
X is a nonempty closed convex subset of a Hilbert space. Let b; > 0 for i = 1,2, ..., n, such that
Yo b =1and by = b,. If for z € X and

z= i biT'x,
i=1

then 1
Iz — 2|l <D bl Tz — =] (5)
i=1
and . .
lz=Tz|P < > Flk by, bjer, by bigy)|| TP — T, (6)
0<j<i<n—1

where F(k,z,y,u,w) = k*(yu + zw — xu) — zu.

3 Main Results

3.1 Estimations of 7! for T € a(k)

In this section, we want to estimate the value of v}t for k-lipschitzian and n-periodic mapping
using b; = % Simulations will be done using Sage and Octave.

Theorem 3.1.1. Let X be a nonempty closed convex subset of a Hilbert space H and
T:X— X, T € a(k) be an n-periodic mapping with n > 3. If x € X and

1~ i
Z:ﬁ;Tx

then

n—1 n—i 2
o< L - e gy (M1 — Tz|]?
|z =Tz|]" < > ( ) +) ( ) - ||z — Tx|
j=2
= A(k)|Jx — Tx||*

Thus, if A(k) < 1, then Fix T # () and Fix T is a retract of X. If £ = 1, Fix T is a nonexpansive
retract of X and if £ > 1 with X bounded, then Fix T is a Holder continuous retract of X.

Proof. 1f b; = 7—11 in Lemma 2.5, then
F = K*(bjs1b; +bibiy1 — bjb;) — bjb;
1 1 1 1
72
=k (n— e n—> T
k2 —1
n2

It follows from Equation (6) that
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If 5 < i, then

If 7 <n—1, then

|l — T7z]|

k*—1

Since T' is n-periodic, we obtain

lz=TzlP < ) |T92 — T'x||%.
0<j<i<n—1
T2 — T'x|| < K || — T x|
= ||z Tz +To -T2 +T?z— ...+ TV 'z
< o —Tz|| +||Tz — T?z|| + ... + ||[T" 'z
j—1
= Y IiTte - 1
i=0
j—1
< E'||lx — Tx||
i=0
ki —1
= k_1||x—T:c||.
— T || = || T — T t2|| < K" Y|Tx — 2.

||

It follows from Equation (7) that

|2 = T2||?

<

IN

n—2 n—1
|77 — T'a||?
7=0 i=j5+1
n—2 n—1
k? —1 o
— T )|
7=01=j5+1
Z [l = T" 7| ?
1=j+1
k‘2 n—j—1
ZW 2 Ml =Tl
7=0
kQ—l n—i—1 . ‘ ,
e Sl SO [IEE
i=1 7=0
n—1 k,2(n—i) -1 Tz )
Z;—T;—ﬁu— l
QEIW"” D)l = T7a|?
1 <=2 1
2(n—j3) j 2 2
8 2 = Dlle = ThalP 4 50 Dl -
Jj=

(7)

T
_zjH

(10)

T"_leQ.
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Using Equation (9) and (10), we obtain

1 = 2(n—3) K -1\ o, L —1\2 2
< w0 (RS0 oo el 4 - )@l - 1
j=1

= kS (k* — 1)k2("_1) + nz_:l(k@j —1) E 2 ||z — Tz||?
n? = k—1
e =Tz|]? < Ak)l|lz — T,
where
A(k) = &= | (k2 = 120D +nzl kY — ”“n -1y’ (11)
n? = -1 '

Also, from Equation (5) and (9), we have

1n—1
lz —=|| < EZHSC—T“%H
i=1

1n—1 Z—l
< = -T
< Xl
= B(k)|[x —Tz||,
where
n—1 ;
1 k' —1
B = — )
0 < B(k) - -

=1

By Lemma 2.1 , if A(k) < 1, then Fix T' # () and Fix T is a retract of X. If £ = 1, Fix T' is

a nonexpansive retract of X and if £ > 1 with X bounded, then Fix 7" is a Holder continuous

retract of X. Since for fixed n, ]lclrr% A(k) = 0, there is k& > 1 such that A(k) < 1. This is
%

the proof that for Hilbert space H,~’* > 1. From Equation (11), if n = 3, then k satisfies the
inequality

%((k? O (= 1)) < 1

%(kG -1 —-1<0
kK —10<0
k < V10 ~ 1.4678.
Thus 3t > 1.4678. To evaluate v}!, we only need to solve A(k) < 1 for n = 4 as follows:

_ 1
T k+Zk ( p— <

kS — kS + (k:4— D(k+1)*+k°—1<16
E® 4+ kS 4+ 2k° + k* — k* — 2k — 17 < 0. (12)

Using Octave to solve Equation (12), we obtain the optimal value y}* > 1.2905.
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Forn > 5, 7 =1and i =n — 1, the estimate in Equation (7) improves if we take
Tz = 7| < ||z — Tal| + |z — T*'al| < (1+ k)lw — Tal]. (13)

Using Equation (9) and (13), we obtain the following

k-1, . ,
||z —Tz|]? < Z e | TVz — T'x||?
0<j<i<d
k?—1

= 5 [|I$—Txl|2+ lo = T2|[* + [|o — T%|]* + |]o — T"a||?

+||Tx — T295||2 +||Tx — T311:||2 +||Tx — T43L’||2 + ||T2x — T?’:c||2

+| T2 — Tx||* + || Tz — Tz |?

k-1
25
8|l — Ta||* + k2o — Taol|* + K*(1 + &)*[Je — T2||* + (1 + &*)?[|z — Ta||*

IN

l||aj = Tal|* + (L + k)?|lv = Tz|* + (1 + k + k*)*|]z — Ta||?

+/<:4||x — Tw||2 + k4(1 + k)2||x — Tx||2 + k6||x — TCL’||2

k?—1
RS ll+(1+k)2+(1+k+k2)2+k8+k’2+k2(1+k)2+(1+k4)2+k4

+#u+kf+whu_TﬂF

2k10 4+ kT + 4kS + 2k — 2k% — 4k — 4

— — Tx|?
o5 |o — Tz|
= Ai(k)lla - Tx|P,
where
2K10 + 2KT + 45 4 2K5 — 2k% — 4k — 4
A (k) = L +25 <1
2k + 2k7 + 4KS + 2k° — 2k% — 4k — 29 < 0. (14)

Using Octave to solve Equation (14), we obtain ¢ > 1.2010.

For n > 6, we shall take the following estimations: if j =0,i =n — 2,

lo =T 22| < [lo =T af| + ||T" 2 — T |
< ("7 4k Y]le = Tal, (15)

and if ) =2,1=n—1,
1722 — T af| < [lo = T2 + [Jlo = T" 2|l < (1 + &+ £"7Y)| |z — Taf]. (16)

Using Equation (9),(15) and (16), we obtain

21 ‘
l=T2f < > T - Tl
0<j<i<5
k21

= S = Tl e T2l e = Tl -
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e = T2 + || T2 — T%|? + [T — T| | + || T — T'a?
H[Tw — Tl +||T% — T|? + ||T% — Tl > + || % — T

+|]T3x — T4x]|2 + ||T3w — T5a:|]2

E2—1
< % {Hx—TxHQ—I—(1+/{:)2|]x—T:c|]2+(1+k+/{:2)2H:§—Ta:HQ+

(K* + B2 |z — Tz||* + k*||z — Tx|* + k?||x — Tz|]* + K*(1 + k)?||z — Tx||?

R (1 4+ k+ K2z — Tl + (1 + B?||x — Tx||* + kY| |z — Tz|?

+EY A+ E)? ||z — T + (1 4+ k + E5?||lz — Tx|]* + kS||x — Tx||?

+k6(1+k)2||$—T$||2]

k*—1 10 9 8 7 6 5 4 3 2 2
= T(Zﬂf + 2k° + 2k° + 2k" 4 6k° + 8k° + Tk™ + 6k° 4+ 8k + 6k + 5)||z — Tx||
= As(k)|lx — Tzl

where
=1, 19 9 8 7 6 5 4 3 2
Ay(k) = (4K + 2k + 2k° + 2k" + 6k° + 8k° + Tk™ + 6k° + 8k“ + 6k +5) < 1
4k" + 2kM — 2K10 + 4K° + 6K7 + K° — 2k° — 3k* — 6k — 41 < 0. (17)
Using Octave to solve Equation (17), we obtain 7t > 1.1524. O

Corollary 3.1.2. Let H be a real Hilbert space and b; = %, then 3t > 1.4678, v}t >
1.2905, 2t > 1.2010 and ~* > 1.1524.

3.2 Estimations of 5 for T' € U(p) with p < k"1

In this section, we estimate the corresponding value of 47t. In Theorem 3.1.1, T% € a(k?) was
used in order to obtain the best estimation for 4. There are n-periodic functions for each
i=1,2,..,n — 1such that T* € ay(k"). That is, T" ¢ «a(p) for p < k'.

Let X = ¢§(R),C = {(x1,...,2z,) € X : x; > 0,0 = 1,...,n} and k > 1. We define a map-
ping T': C' — C as follows:

T

T(xy,...,x,) = (:L*Q,...,xn_l,kxn,?) ) (18)

If T is n-periodic, then for each i = 1,2,...,n — 1, we have T € a(k).
Let X be a Banach space and C' a nonempty closed convex subset of X, we define

X =inf{p: IC C X, T:C = C),T" =I,T € Uy(p),Fix T = 0}. (19)
Since T' € ap(k) implies T € Uy(p) with p > k, then it is clear that 7.X > X,

Theorem 3.2.1. Let X be a nonempty closed and convex subset of a Hilbert space H and
T:X =X, T e€U(p) be an n-periodic mapping with n > 3. If z € X and

1 ¢ i
Z:E;TZ‘
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then

1 n—2
|2 =T=| < {ﬁ [Z((n—i— p' = (n—i—2)p" = 1)| (14 (i —1)p)* + (p* - 1)p2} |z — Ta|f?
=1
= OW)|lv — Tl
Thus, if C(p) < 1, then Fix T # ().

Proof. If + <n — 1, then

o —=T'z|| = ||z —Tx+Tx—T2x+T*x— ...+ T o —Tiz||
< o —Tax||+||Tx — T?x|| + ... + ||T o — TVx||
< YT =T || + [Jo — T
j—1
< > plle = Tal[+ ||z — Ta||
i=1
= [1+ @ =Dpllle — Txl]. (20)

Since T is n-periodic, we obtain
o — T al| = |7 — T"a|| < p||Tx —al . (21)

Using Theorem 3.1.1, Equation (20) and (21), we obtain the following

2
—1 . .

|z =T < > P omie - T

n

0<j<i<n—1

n—2 n—1

_1 .

= EY Y e
7=0 i=75+1
n—2 n—1

Tix|’2+p —Tix|]2

Jj=11i=j+1
n—2 n—1

L DD =T+

J=1i=5+1

2 2 _ 1 n—1 ) n—1 ) n—1 )
- p—(pn2 ) {Z o — TP+ [l — T 2P+ ) o — T %2 +
=2 1=3 1=4

IN

—Ti$||2

n—1
+ 5 -] 4 2 Tl
i=n—1
2(0m2 1
= P~ Tl 4l = T+ e = T2

(llo = Ta|* + |Jo — T?|| + ... + ||z — T" 7 2||)
(J|lx — Tz|]* + ||z — T?z|| + ... + || — T"*z|)?)

2
+...+||x—T"1:c||2] +2 —T'z||?

n—1 n—i—1

- pp"1§j§:ux Tl + 2]@ T

1=
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2002 1 n—1 . ' 9 '
N %Z(”—Z—lﬂlx—?w!l%p — T'x||?
i=1
1 [n—1 -
= it = (=i =2 =)l TP (22)
Li=1 |
1 [n—2 -
= |2 (n—i=1p' = (n—i=2)p* = | [Jo = T'al[* + (¥ ~ Do — T" 'z
Li=1 |
1 n—2
: {ﬁ[zxm‘i‘”f‘““”—mﬁ—wl@+u—mm2
i=1

L - 1)p }le—Tmll2

= CW)llz — Tzl

n? | 4
=1

C(p) = {i !Z((n—i— Lp* = (n—i—2)p* 1)

(L+(i—p)* + (p° — 1)p2} . (23)

Also, from Equation (20) and (21), we have

n—1

|z —af| < — ZHI—TZ!EII < - Z(1+ (it = Dp)llx = T|[ = D(k)|lx — Txl],

where
n—1

0< D(k) = 1 > 1+ (i—1)p).

n <
=1

By Lemma 2.1 , if C(p) < 1, then Fix T' # ). It follows from Equation (23) that if n = 3, then

2p —p? —10.< 0 24
Using Octave to obtain the optimal Value bf p in Equation (24), thus 3* > 1.5811. To eva(lua)te
A, we only need to solve C'(p) < 1 for n = 4 as follows:

1_16 [(Z(‘l—i—l)p“— (4—i—2)p2—1) (1+(¢—1)p)2+p2(p2_1)] <1

=1
20" =p" =)+ (' =) +p)* + (p* - 1)p* <16
3pt =2 + (p* —1)(1 +p)* =17 <0. (25)

Using Octave to obtain the optimal value of p in Equation (25), thus ;¢ > 1.3251.

From Equation (22), we have

lo-TeAP < [iun—z’—l)p‘*—<n—z’—2>p2—1>] o = T

1=1

1 n—1
= 5> Slle—Tal?
2 Z (3 )

n =1
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where S; = (n—i— 1)p* — (n —i —2)p* — 1.

We consider the general cases for both even and odd values of n as follows:

1. Suppose n is odd, say n = 2r + 1. Using the fact that T is uniformly p-lipschitzian and

Equation (20), we have

n—1
ZSZHSII —T'x|)?
i=1

where
S;
Sor—it1
Q,2r +1)

Hence, Q(i,r) =

IN

<

2r
Z Sil|lz — Tz
i=1

Sulla — TalP + Salle — T2 +

+S |z — T"z||* + Spyallx — T Ha||* +

+Sor_1||x — T* '2||* + Sop|jx — T* x||?

Silla — TalP + Sallw — T +

+S, ||z — T x| + Spn | T e — T +
S A |IT2 e — T2 |? 4 S| T — T 22
Sillz — TalP + Solle — T2 +

+S, ||z — Trx||* + Spap?||lz — T7z||* +
+Sy1p? || — T?||* + Soop?|lw — T

(S1 + Sorp?) [l — Tx||” + (2 + Sor1p?) |2 — T2 ||* +
+(Sy + Spap?) |l — T |?

T

> (Si+ p*Sor—in1) |z — T'z|?

=1

> QU 2r +1)|lx — T'x|?
=1

Z Qi,2r + D)(1 + (i — 1)p)?||a — Tz||?

n2F1||x —T.r||2,

(n—i—1)p*—(n—i—-2)p*—1
r+1—i—1p*—2r+1—i—2)p* -1

2r —i)p* — (2r —i —1)p* — 1

(i—Dp* = (i —2)p° — 1

Si + p*Sor—it

2r —i)pt = (2r —i = 1)p* =1+ p*((i = )p* = (i = 2)p” = 1)
i—Dp®+ (2r —2i +2)p* — (2r —d)p* — 1
i—Dp+((2r+1) =2+ 1)p* — ((2r +1) —i — 1)p? — 1.

(i—1)pS+(r—2i+1)p*—(r —i—1)p* — 1.

2. Suppose n is even, say n = 2r + 2. Using the fact that T is uniformly p-lipschitzian and

Equation (20), we have
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n—1
S Sille = Tia?
i=1

where

2r+1
= > Silla—T|
=1

= S|z — Tz|?*+ Ssl|lx — T?z||* + ...
+S, |z — T 2||* + Spyil|lz — T a||? + Sppallz — T 22| + ...
+Sor ||z — T | + Sopp ||z — T |2

= S|z — Tz|?*+ Sal|lx — T?z||* + ...

+S ||z — T2 ||* + Sppo || T 22 — T 22| + ...

S [T 20 — T2 || 4 Sy || T2 20 — T2 |2

+S 1 ||r = T 2|2

Si|lz — Tx|* + Sa|lx — T?z||* + ...

+S |z — T z||* + Sppop?||z — T"z|)* + ...

+So, 0|l — T?||* + Sorap® || — Ta||® + Spiaf|lz — T |2

= (Si+ Sor1p)[lx — Ta||” + (S2 + Sorp?) |2 — T2 + ...
+S 1 ||r — Tz |2

IN

T

= D (S + P Soriva) e — T[> + Sy o — T2

i=1

= > QM2 +2)|z — T'a|® + Sppallw — T
i=1

< ZQ(Z}2T+2)(1+(@—1)p)2+G(T)(1+Tp)2 lv — T||?

= nQFQHx — TxHQ,

SrJrl

= 2r+2-(r+1)—-1p"'—(2r+2) - (r+1)—-2)p* -1
= rp'—(r—1p' - L

It follows from the two cases above that if 1 <4 <r and

Qli,r) = (i—1)p°+ (r—=2i4+1)p"' —(r—i—1)p* -1,
G(r) = m'—(r—1)p* -1,

F = % > Qi 2r +1)(1+ (i — 1)p)*,
=1

F, = % [Z Q(i,2r +2)(1 + (i — V)p)* + G(r)(1 +rp)?| ,

then

i=1

Fi|lx —Tz|*> f =2r+1

Bz —Tz||* forn=2r+2.

Thus, if nisodd and F; < 1 orif niseven and Fy < 1, then Fix T # () and Fix T is a retract of X.

To evaluate 72¢, we only need to solve [} < 1 as follows:
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Q(i, 5) = (i — 1)p* + (6 — 2i)p* — (4 —i)p® — 1 and

ZQZ5 + (G —-1Dp)?<1

Z i—1)p 4 (6 —2i)p* — (4 —i)p* — 1)1+ (i — 1)p)® < 25

4p4—3p2—1+(p +2p* = 2p? — 1)(1 4+ p)* < 25
ap* —3p® + (p° + 2p* — 20> — )(1 +p)? — 26 < 0. (27)

Using Octave to obtain the optimal value of p in Equation (27), we obtain ¥2¢ > 1.2380.

To evaluate 72¢, we only need to solve Fy < 1 as follows:

Q(i,6) = (i = 1)p" + (T = 20)p" = (5—i)p° — 1
G2)=2p"—p*—1

ZQ(@? 6)(1+ (i —1)p)* +G2)(1+2p)*| <1

Z[(i — Pt (T=2)p = (5—)p? — 1)1+ (i — 1)p)? + (2p* — p* — 1)(1 +2p)? < 36

spt —4p? — 1+ (p° +2p" — 2p* = 1)(1 +p)> + (2p" —p* — 1)(1 + 2p)* < 36
5pt —dp* + (p° + 2p* — 2 — 1)(L +p)® + (2p* —p* —1)(1 +2p)* — 37 < 0. (28

)
Using Octave to obtain the optimal value of p in Equation (28), we obtain it > 1.1808. O]
>

Corollary 3.2.2. Let % be a Hilbert space and b; = =, then 43t > 1.5811, 4}* > 1.3251,
1.2380 and 72 > 1.1808,

4 Applications
Fixed point is one of the most useful tools in the study of nonlinear, algebraic, integral and

differential equations. Many physical world problems can be modelled into fixed point problems.

Example 4.1. Consider the nonlinear algebraic equation 2> —x — 1 = 0. There are several

1
ways of putting the equation in the form 7Tx = x. The mapping T" defined by Tx = (x + 1)3 is
a contraction. Using the Mean Value Theorem, we obtain

Te =Tyl = |(@+1)5 — (y+1)5]
23
= G le—ul
Example 4.2. Let N be the 2-dimensional sphere defined as
N ={(a,z) eERxC:a®+|z)* =1}.
The isometry TN — N defined by
T(a,z) = (a, e%”i), (a,2) € N,

is a periodic map of order 3 with two fixed point (0,1) and (0, —1).

© IJARET All Rights Reserved 26 www.ijaret.com



ISSN : 2394-2975 (Online) International Journal of Advanced Research
ISSN : 2394-6814 (Print) Vol. 6, Issue 4 (Oct. - Dec. 2019) in Education & Technology (IJARET)

5 Summary

The paper give an estimates for n-periodic k-lipschitzian and uniformly p-lipschitzian in a
Hilbert space, in order to ensure the existence of fixed points. We obtained these results using
the generalization of parallelogram law and Banach contraction mapping principle.

The general results of 77 and % n > 3 was demonstrated using the convex combinations
b; = % for straightforward calculations. We find out that the approximations for 4% is greater
than 77, which means that there are problems that cannot be solved using T" € a(k) but have
solutions in T € U(p).

Garcia and Nathansky [4] obtained 72¢ > 1.1986 and ~} > 1.15, we improved upon these
results as shown in Table 1. It has been shown that ~, has different forms in different spaces.
We obtained new estimations for ¥,, n = 3,4, 5,6 for uniformly p-lipschitzian mappings. Our
new estimates are better than previous results by [3] as shown in Table 2.

Table 1: Estimations of X and ~/t for T' € a(k)

Koter (2000) | New Result Gornicki and Pupka (2005)
it 1.3666 1.4678 v5 1.3821
~ 1.1962 1.2905 |~y 1.2524
~ 2 1.0849 1.2010 | 4 11777
e 1.0228 1.1524 | 7% 1.1329
Table 2: Estimations of 4.X and 3} for T € U(p)

Koter (2000) | New Result Gornicki and Pupka (2005)
A 15447 1.5811 | 7% 1.4558
At 1.2418 1.3251 s 1.2917
it 1.1429 1.2380 A& 1.2001
At 1.0277 1.1808 e 1.1482
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